The main purpose of this paper is to present a new iterative transform method (NITM) and a modified fractional homotopy analysis transform method (MFHATM) for time-fractional Fornberg-Whitham equation. The numerical results show that the MFHATM and NITM are very efficient and highly accurate for nonlinear fractional differential equations.
Introduction
In the past three decades, the fractional differential equations have gained considerable attention of physicists, mathematicians and engineers [9, 23, 24, 25, 27] . With the help of fractional derivatives, the fractional differential equations can be used to model in many fields of engineering and science such as diffusion and reaction processes, control theory of dynamical system, probability and statistics, electrical networks, signal processing, system identification, financial market and quantum mechanics [14, 28] . In general, it is difficult for fractional differential equations to find their exact solutions therefore numerical and approximate techniques have to be used. Many powerful methods have been used to solve linear and nonlinear fractional differential equations. These powerful techniques include the Adomain decomposition method (ADM) [2, 30] , the homotopy perturbation method (HPM) [8] and the variational iteration method (VIM) [26] . In recent years, many researchers have used various methods to study the solutions of linear and nonlinear fractional differential equations combined with Fourier transform, Laplace transform [6, 11, 12, 13, 15, 16, 17, 22, 31, 32] and Sumudu transform [29] .
In 2006, Daftardar-Gejji and Jafari [5] proposed DJM for solving linear and nonlinear differential equations. The DJM is very easy to understand and implement and obtain better numerical results than Adomian decomposition method (ADM) [2, 30] and Variational iterative method (VIM) [26] . The homotopy analysis method (HAM) was first proposed by S. J. Liao [18, 19, 20, 21] for solving linear and nonlinear integral and differential equation. The advantage of HAM over other perturbation methods is that it does not depend on any large and small parameter. The HAM have been applied by many researchers to solve many kinds of nonlinear equations arising in science and engineering. In [1, 7] , the authors applied HPM, HAM and ADM respectively in studying the time-fractional Fornberg-Whitham equation with the initial condition which can be written in operator form as follows
where u(x, t) is the fluid velocity, t is the time, x is the spatial coordinate and α is constant. When α = 1, the fractional Fornberg-Whitham equation was used to study the qualitative behavior of wave breaking.
In this paper, based on DJM and HAM, we establish the new iterative transform method (NITM) and modified fractional homotopy analysis transform method (MFHATM) with the help of the Elzaki transform [3, 4, 10] for obtaining analytical and numerical solution of the time-fractional Fornberg-Whitham equation. The results show the HPM and ADM can be obtained as a special case of the MFHATM for h = −1. The numerical results show that the MFHATM and NITM are simpler and more highly accurate than existing methods (HPM, ADM).
Basic definitions
In this section, we give some basic definitions of fractional calculus [7, 9, 24] and Elzaki transform [3, 4, 10] which we shall use in this paper. Definition 2.1. A real function f (x), x > 0, is said to be in the space C µ , µ ∈ R if there exists a real number p, (p > µ), such that f (x) = x p f 1 (x), where f 1 (x) ∈ C[0, ∞), and it is said to be in the space
Definition 2.2. The Riemann-Liouville fractional integral operator of order α ≥ 0, of a function f (x) ∈ C µ , µ ≥ −1 is defined as [7, 9, 24] :
where Γ(.) is the well-known Gamma function.
Properties of the operator I α , which we will use here, are as follows:
Definition 2.3. The fractional derivative of f (x) in the Caputo sense is defined as [7, 9, 24] :
where n − 1 < α ≤ n, n ∈ N , x > 0, f ∈ C n −1 . The following are the basic properties of the operator D α :
Definition 2.4. The Elzaki transform is defined over the set of function
by the following formula [3, 4, 10] :
Lemma 2.5. The Elzaki transform of the Riemann-Liouville fractional integral is given as follows [3, 4, 10] :
Lemma 2.6. The Elzaki transform of the caputo fractional derivative is given as follows [3, 4, 10] :
Lemma 2.7. Let f (t) and g(t) be defined in A having ELzaki transform M (v) and N (v), then the ELzaki transform of convolution of f and g is given as:
Modified fractional homotopy analysis transform method(MFHATM)
To illustrate the basic idea of the MFHATM for the fractional nonlinear partial differential equation, we consider the following equation with the initial condition as: 
Using the property of Elzaki transform, we have the following form:
Define the nonlinear operator:
By means of homotopy analysis method [18] , we construct the so-called the zero-order deformation equation:
where p is an embedding parameter and p ∈ [0, 1], H(x, t) = 0 is an auxiliary function, h = 0 is an auxiliary parameter, E is an auxiliary linear Elzaki operator. When p = 0 and p = 1, we have:
When p increasing from 0 to 1, the Φ(x, t; p) various from U 0 (x, t) to U (x, t). Expanding Φ(x, t; p) in Taylor series with respect to the p, we have:
where
When p = 1, the (3.7) becomes:
Define the vectors:
Differentiating (3.5) m-times with respect to p and then setting p = 0 and finally dividing them by m!, we obtain the so-called mth order deformation equation:
and
Applying the inverse Elzaki transform on both sides of Eq. (3.11), we can obtain:
The mth deformation equation (3.13) is a linear which can be easily solved. So, the solution of Eq. (3.1) can be written into the following form: 14) when N → ∞, we can obtain an accurate approximation solution of Eq. (3.1). Similarly, the proof of the convergence of the modified fractional homotopy analysis transform method (MFHATM) is the same as [20] .
The new iterative transform method (NITM)
To illustrate the basic idea of the NITM for the fractional nonlinear partial differential equation, applying Elzaki transform on both sides of (3.1), we get:
Operating the inverse Elzaki transform on both sides of (4.1), we can obtain:
Thus, (4.2) can be written in the following form:
where f is a known function, K and N are linear and nonlinear operator of u. The solution of Eq. (4.3) can be written in the following series form:
We have
The nonlinear operator N is decomposed as (see [5] ):
Therefore, Eq. (4.3) can be represented as the following form:
Defining the recurrence relation:
we have:
The m-term approximate solution of (4.3) is given by:
Similarly, the convergence of the NITM, we refer the paper [5] .
Illustrative examples
In this section, we apply MFHATM and NITM to solve the time-fractional Fornberg-Whitham equation.
Consider the time-fractional Fornberg-Whitham equation with the initial condition that can be written in operator form as [7] :
(5.1)
Applying the MFHATM
Applying the Elzaki transform and the differentiation property of Elzaki transform on both sides of Eq. (5.1), we get:
on simplifying (5.2), we have:
We define the nonlinear operator as:
Constructing zeroth order deformation equation with assumption H(x, t) = 1 , we have:
When p = 0 and p = 1, we can obtain:
Therefore, we have the mth order deformation equation:
Operating the inverse Elzaki operator on both sides of Eq. (5.7), we get the result as follows:
According to (5.8), (5.9), we obtain:
Using the initial condition u 0 (x, t) = e x 2 , we get the following results as:
,
, 3α  2Γ(3α + 1) ,
Thus, we use five terms in evaluating the approximate solution:
u(x, t) = 
]. Remark 5.3. In this paper, we apply modified fractional homotopy analysis transform method and obtain the same result as HPM [7] for h = −1. When h = −1, α = 1, the result is complete agreement with HAM and ADM by F. Abidi and K. Omrani [1] . Therefore, the MFHATM is rather general and contains the HPM, HAM and ADM. Remark 5.4. In the MFHATM, the auxiliary parameter h can be apply to adjust and control the convergence region and rate of the analytical approximate solutions. Fig.1-Fig.3 respectively show the so-call h-curve [18] of the 5th-order MFHATM approximate solution for different values of α, it is very easy to see the valid region of h which corresponds to the line segment nearly parallel to the horizontal axis. So, the series is convergent when −5 < h < 5.
Applying the NITM
Operating the inverse Elzaki transform on both sides of Eq. (5.14), we have:
Applying the NITM, we can obtain:
By iteration, the following results is obtained:
, 4α  16Γ(4α + 1) ,
We apply five terms in evaluating the approximate solution, the solution of the Eq. (5.1) is given by:
.
Remark 5.5. By using the new iterative transform method, we can directly find the approximate solution without applying any prior knowledge as perturbation, polynomials, auxiliary parameter and so on. Therefore, the NITM is very easy to understand and implement. In Table.1 and Table. 2, we compare the exact solution with the 5th-order approximate solutions by MFHATM and NITM at some points for α = 1. Fig.4 and Fig.5 show the absolute error between the exact solution and the 5-order approximate solutions by MFHATM and NITM for α = 1. The numerical results show that the MFHATM and NITM are highly accurate.
Remark 5.6. In Table.3 and Table. 4, we respectively compute exact solution and the 5th-order approximate solutions by MFHATM and NITM for different values of α. Fig.6-Fig.11 show the 5th-order approximate solutions by MFHATM (h = −1) and NITM for α = 0.6, α = 0.8, α = 1, respectively. Fig.12 we draw the exact solution of Eq. (5.1) for α = 1. By comparison, it is easy to find that the approximate solutions continuously depend on the values of time-fractional derivative α.
Remark 5.7. In Table. 5, we compare the exact solution with the 5th-order approximate solutions by NITM, HPM [7] and ADM [1] at some points for α = 1. The numerical results show the NITM is more highly accurate than HPM and ADM.
Remark 5.8. In this paper, we only apply five terms to approximate the solution of Eq. (5.1), if we apply more terms of the approximate solution, the accuracy of the approximate solution will be greatly improved.
Conclusion
In this paper, the modified fractional homotopy analysis transform method and new iterative transform method have been successfully applied for finding the approximate solution of the nonlinear time-fractional Fornberg-Whitham equation. The numerical results show that the new iterative transform method and the modified fractional homotopy analysis transform method are simpler and more highly accurate than existing methods (HPM, ADM). Therefore, it is obvious that the NITM and MFHATM are very powerful, efficient and easy mathematical methods for solving the nonlinear fractional differential equations in science and engineering. 
